Abstract: Let A be a unital strict Banach algebra, and let K + be the one-point compactification of a discrete topological space K . Denote by A⊗ C (K + ) the weak tensor product of the algebra A and C (K + ), the algebra of continuous functions on K + . We prove that if K has sufficiently large cardinality (depending on A), then the strict global dimension dg⊗A⊗ C (K + ) is equal to dg⊗A + 2.
Introduction
Let C (Ω) be the Banach algebra of all continuous functions on a compact topological space Ω, endowed with the norm of uniform convergence. In the paper we consider such algebras in the framework of the homological theory of strict Banach algebras, constructed by Kurmakaeva [5, 6] . In this theory, in comparison with the classical homological theory of Banach algebras, the projective tensor product ⊗ is changed to the weak tensor product⊗ in all definitions and basic theorems. Strict algebras are often called injective and the weak tensor product is often called the injective one [12] . Recall that a Banach algebra A is called strict (or injective, or a⊗ -algebra), if there exists a continuous linear operator R : A⊗ A → A such that R ( ⊗ ) = for all ∈ A. All algebras C (Ω) are strict because of the isometric Grothendieck isomorphism C (Ω 1 )⊗ C (Ω 2 ) ∼ = C (Ω 1 × Ω 2 ) for all compact topological spaces Ω 1 Ω 2 (see [1] ). As is known, the Banach algebras of smooth functions C [ ], = 1 2 , are also strict [5] . Moreover, the Banach algebras , 1 ∞, of -summable sequences with pointwise multiplication are strict only if = 1 or = ∞ (see [5] ). It is easy to see that, if A and B are two strict Banach algebras, then the weak tensor product A⊗ B is a strict Banach algebra with respect to the well-defined multiplication
By the global dimension theorem due to Helemskii, the global dimension dg ⊗ A of each commutative Banach algebra A with infinite spectrum is always strictly greater than 1 (see [3] ). This theorem does not have any analogs for either pure algebras or locally convex algebras. The global dimension theorem is false also for the strict global dimension. Actually, by a theorem of Kurmakaeva [6, Theorem 1] for any infinite metrizable compact space M the equality dg⊗C (M) = 1 (where the symbol dg⊗ denotes the strict global dimension) holds.
Questions concerning global dimension are closely connected with additivity formulae. Let A be the unitization of a biprojective commutative Banach algebra with infinite spectrum and B be an arbitrary Banach algebra. Then by the additivity formula due to Selivanov [10, Theorems 5.10 and 5.8],
Since here dg ⊗ A = 2, the set of values of global dimensions of Banach function algebras contains all even non-negative integers, and along with any odd positive integer this set contains all natural numbers, which are greater than . Therefore the set contains zero, infinity, and all natural numbers, except for a certain segment of odd natural numbers, starting with 1. Nevertheless, so far all computed global dimensions of function Banach algebras are even.
The strict global dimension is not additive in general. Indeed, for the segment [0 1] we have the Grothendieck isomorphism We proved in [11] that the strict global dimension of the algebras C (Ω) takes all non-negative integer values. In this paper an additivity formula (Theorem 3.1) for the strict global dimension is established. Suppose that A is a unital strict Banach algebra and K is a discrete topological space of sufficiently large cardinality, depending on A, and K + is the one-point compactification of K . Then, by Theorem 3.1,
This formula provides a new, inductive proof of the mentioned fact about the set of values of the strict global dimension of C (Ω) (Corollary 3.4).
Preliminaries
First, we prove a set-theoretic lemma of Ramsey type, which is used in the proof of Theorem 3.1.
Lemma 2.1.
Let K be a set, and let the Cartesian product K × K be painted in different colors. Let α be an infinite cardinal number, α > . If the cardinality of K is strictly greater than 2 α , then there exist infinite subsets S T ⊂ K such that all points of the "rectangle" S × T are painted in the same color.
Proof. Consider We recall the definition of the weak tensor product⊗ of Banach spaces. Let E and F be Banach spaces. It is known (cf. [2] ) that the formula
where
are the Banach spaces, dual to E and F , defines a norm on the purely algebraic tensor product E ⊗ F . The weak tensor product E⊗ F is defined to be the completion of the vector space E ⊗ F with respect to this norm.
Let A be a strict Banach algebra. A left Banach A-module X is called strict if there exists a continuous linear operator R : A⊗ X → X such that R ( ⊗ ) = · for all ∈ A, ∈ X . For example, all for 1 ∞ are strict 1 -modules, but none of them is a strict left
Let X be a strict left A-module, and let E be a Banach space. It is easy to prove (cf. [5] ) that the tensor product X⊗ E is a strict left Banach A-module with respect to the outer multiplication, defined by
arbitrary left A-modules, then the set of all continuous morphisms from X to Y is denoted by
A h(X Y ), and the set A h(X X ) is denoted by A h(X ).
Let A be a unital strict Banach algebra. If B is another unital strict Banach algebra, then (cf. [2] ) the category of unital strict A-B-bimodules is isomorphic to the category of unital strict left A⊗ B op -modules, where B op is the algebra with opposite multiplication. We recall that, the enveloping algebra A e of a unital strict Banach algebra A is the algebra A⊗ A op . Thus, the categories of unital strict A-bimodules and unital strict left A e -modules are isomorphic.
We recall (see, e.g., [2] Let A be a unital strict Banach algebra. Recall that a unital strict left Banach A-module X is said to be (strictly) projective if it is a direct summand of the left A-module A⊗ E for a certain Banach space E (see [6] ).
An admissible complex of unital strict left Banach A-modules
where all the A-modules P are projective, is called a projective resolution of the left module X (see [5, 6] ). The length of such a resolution is the smallest integer such that P = 0 for > , or ∞, if there is no such . The length of the shortest projective resolution of the A-module X is called the (strict) homological dimension of X and is denoted by A dh⊗X . The least upper bound of homological dimensions of all unital strict left Banach A-modules is called the (strict) global dimension of A and is denoted by dg⊗A. The homological dimension for a unital strict A-bimodule X is defined as that of the left A e -module X . The homological dimension of the algebra A, being considered as a strict Banach A-bimodule, is called the (strict) bidimension or the (strict) cohomological dimension of A and is denoted by db⊗A. The name "cohomological dimension" comes from the following equivalent definition. It is the smallest integer such that the strict Hochschild cohomology groups H ⊗ (A X ) vanish for all strict bimodules X and for all > (cf. [2] ). We recall that for arbitrary A we have dg⊗A db⊗A (see [5, Theorem 1.3] ). Now we assume that A and B are unital strict Banach algebras. The subsequent assertions about homological dimensions of tensor products, obtained in homological theory of general Banach algebras by Selivanov (see [9, 10] ), hold in the case of strict algebras with evident changes (cf. [11] ). For details on tensor products of complexes and resolutions see, e.g., [2, 7] . 
Main result
Theorem 3.1.
Let A be a unital strict Banach algebra. Let K be a discrete topological space and K + be the one-point compactification of K . Then there exists a cardinal number β (depending on A) such that, if the cardinality of K is strictly greater than β, then
Proof. If dg⊗A = ∞ the assertion of the theorem immediately follows from Proposition 2.5. Now we suppose that dg⊗A = for some non-negative integer . As is known (see [4, 11] ), dg⊗C (K + ) db⊗C (K + ) 2. Therefore, by Proposition 2.4, it is sufficient to prove the estimate
The cardinal number β will be introduced in the sequel. By the definition of the strict global dimension there exists a left strict A-module X such that A dh⊗X = . Let
be a projective resolution of the left A-module X . Observe that the morphism τ does not have a left inverse A-module morphism. In fact, if σ : P −1 → P were an A-module morphism such that σ τ = 1 P then the mapping = 1 P −1 − τσ would be a projection on the left A-submodule (P −1 ) of P −1 . Hence the complex
would provide a projective resolution of X of length less than − 1.
According to [4, § 4] , applied to the strict case with obvious changes (cf. [11] ), the left C (K + )-module ∞ (K ) has the following strict projective resolution of length 2:
where, up to a choice of signs,
Let us take the weak tensor product of these resolutions. Then, by Proposition 2.2, we get the following projective resolution of the left
Suppose that dg⊗ C (K + )⊗ A < + 2. Then the morphism ρ has a left inverse C (K + )⊗ A-module morphism. For any ∈ K we denote by the function on K + such that ( ) = 0 for = and ( ) = 1. Then there exist left C (K + )⊗ A-module morphisms of the form
Let α , ∈ K , be linear continuous functionals on C 0 (K ) defined by α ( ) = ( ), ∈ C 0 (K ). Consider the following continuous linear operators:
that act on elementary tensors by E ( ⊗ ⊗ ) = ( ) ( ) , ∈ C 0 (K ), ∈ P , ∈ K . We apply the operator E to the formula (1). Let also
∈ K , ∈ P , ∈ P −1 . Then ψ ∈ A h(P ), γ ∈ A h(P −1 P ) and the identity γ (τ( )) + ( ) + ψ ( ) = , ∈ P , holds. Now let be the cardinality of the set A h(P ) × A h(P ). We take an arbitrary cardinal number α > and β = 2 α . Then, if the cardinality of K is strictly greater than β, by Lemma 2.1 with the set A h(P ) × A h(P ) as the set of colors and the family of pairs ( ψ ), ∈ K , ∈ K , as the painting of the set K × K there exist infinite subsets S T ⊂ K such that all pairs ( ψ ), ∈ S, ∈ T , are the same.
On the other hand,
Since ( ) does not depend on the choice of ∈ S, it equals zero for all ∈ S, ∈ T , ∈ P . By the Phillips lemma,
Since ψ ( ) does not depend on the choice of ∈ T , it equals zero for all ∈ S, ∈ T , ∈ P . Then γ (τ( )) = , and thus τ has a left inverse module morphism. This is a contradiction. Consequently, the assumption dg⊗ C (K + )⊗ A < + 2 is false, and the theorem is proved.
Corollary 3.2 ([11]).
Let K be a discrete topological space of sufficiently large cardinality. Then dg⊗C (K + ) = 2.
Corollary 3.3.
Let Ω be a compact topological space. Let K be a discrete topological space and K + be the one-point compactification of K . If the cardinality of K is sufficiently large, then dg⊗C (K + × Ω) = dg⊗C (Ω) + 2
Now by induction we get a new proof of the following fact.
Corollary 3.4 ([11]).
The strict global dimension dg⊗C (Ω) can take all non-negative values and can be infinite.
Proof. It follows from [6] 
